] revealed a prominent maximum in the electron energy spectrum very close to the ionization threshold which is not reproduced by widely used Keldysh-Faisal-Reiss theories. We have performed fully ab initio theoretical analysis and precision calculations to explore the quantum origin of the low-energy structure (LES) observed in the experiments. Our study shows that an important role in shaping of LES is played by the effect of Coulomb attraction in the final electron state and the Coulomb threshold effect.
I. INTRODUCTION
The phenomenon of above-threshold ionization (ATI) discovered more than 30 years ago [1] and investigations of resulting electron distributions continue attracting much interest [2] . This is related to advances in laser technology which made possible the generation of short and intense laser pulses [3] . In particular, tunable long-wavelength lasers have become available which allow sufficiently high intensities without saturation of ionization. General properties of the ATI electron energy distributions are well known. The spectrum consists of a number of peaks separated by the photon energy and corresponding to the absorption of a particular number of photons from the laser field. As the energy increases, the spectrum first decreases, then manifests a plateau extending to 10U p [4] [U p is the ponderomotive potential; for linearly polarized laser fields, U p = F 2 /(4ω 2 ) where F is the field strength and ω is the frequency]; formation of the plateau is related to rescattering of the electron in the laser field [5] .
Recent experimental observations [6, 7] of above-threshold ionization (ATI) of rare gas atoms and diatomic molecules by midinfrared laser fields revealed a spikelike maximum in the energy spectra of electrons emitted in the polarization direction of the laser field, in the very vicinity of the ionization threshold. This was called "low-energy structure" (LES) in the ATI spectra. The structure appears to be a universal ATI feature since it has been detected in all investigated atoms and molecules. What is striking is that LES cannot be described by the widely used quantum mechanical strong-field approximation (SFA) based on the Keldysh-Faisal-Reiss (KFR) theories [8] and, thus, reveals that current understanding of the intense-field ionization in the long-wavelength regime is incomplete [9] . LES was qualitatively reproduced by numerical solutions of the time-dependent Schrödinger equation of a model system, but its physical origin remained unclear [6] . We note that semiclassical models [7] , classical trajectory Monte Carlo methods [10] , and SFA with Coulomb trajectories [11] were * telnov@pcqnt1.phys.spbu.ru † sichu@ku.edu used to simulate ATI at low electron energies. In Ref. [10] , the emergence of LES was attributed to multiple forward scattering of the ionized electron (a mechanism of laser driven forward Coulomb scattering was proposed earlier by Faisal [9] ); in Ref. [11] , it was found that low-energy forward scattering leads to caustic structures in semiclassical trajectory calculations which are behind LES. However, while the semiclassical description of LES was given, less attention was paid to the quantum analysis of this phenomenon.
In this paper, we perform a fully quantum mechanical analysis of the ATI spectra of atomic hydrogen and show that the maximum in the energy distribution close to the ionization threshold can be attributed to the quantum effect of Coulomb attraction in the final (continuum) state of the electron. The Coulomb interaction in the final state is neglected in the KFR theories, and that explains their failure in the description of LES.
II. ATI SPECTRA AND ROLE OF THE COULOMB THRESHOLD EFFECT AT LOW ELECTRON ENERGIES
We start from the expression for the differential ionization probability corresponding to ejection of the electron with the energy E f within the unit energy interval and unit solid angle under the specified direction (atomic units are used throughout the paper):
The angle-integrated electron energy spectrum can be obtained by integration of Eq. (1) over emission angles:
Several alternative expressions can be derived for the transition matrix element T fi between the initial and final electron states. We shall use the expression suggested in Ref. [12] :
Here, the time-dependent quantity b has the meaning of the displacement of the "classical" electron under the influence of the laser field only; a dot above b denotes the first derivative with respect to time. The potential U (r) represents the interaction with the atomic core; the term U (r) − U (r − b) decreases at least as 1/r 2 at large r; therefore, the spatial integration in Eq. (3) emphasizes the core region of the wave packet. The wave function (r,t) satisfies the time-dependent Schrödinger equation:
It takes into account the interactions with both the atomic core and laser field (the latter interaction is described in the length gauge;b is the classical acceleration). Before the laser pulse, this function coincides with the initial bound state of the electron. The final state of the electron ψ f (r) describes motion in the atomic field only. As discussed in the scattering theory [13] , the correct final states for calculation of the angular distributions are the functions ψ − k (r) which have plane waves and incoming spherical waves asymptotically at large distances. They satisfy the following orthogonality and normalization condition:
The function ψ − k (r) can be represented as a partial wave expansion:
Here ψ − l (k,r) is the radial wave function corresponding to the angular momentum l, with proper asymptotic behavior [for a free electron, ψ − l (k,r) = j l (x) where j l (x) is the spherical Bessel function]; and ϑ is the angle between k and r. Suppose the interaction U (r) is short range. Then, for k → 0 and bounded r, the radial partial wave ψ − l (k,r) can be represented in the following form [13] :
where φ l (r) depends on r but does not depend on k. Thus, for small k, the main contribution to the final-state ψ − k (r) comes from the s wave:
The situation is quite different for the Coulomb interaction with the atomic core, U (r) = −Z c /r, Z c being the core charge. The final continuum states ψ − k (r) in the Coulomb field are known in a closed form:
where M(a,c,x) is the confluent hypergeometric function [14] , and ν is the Coulomb parameter:
In the Coulomb case, one arrives at the following result in the limit k → 0:
J 0 (x) being the Bessel function. Equation (11) implies that the probability density of slow electrons in the core region is much higher in the case of Coulomb attraction than in the case of short-range interaction. Now, turn to the expression for the differential ionization probability [Eq. (1)]. As one can see, it contains a threshold factor √ 2E f = k which vanishes at the ionization threshold E f = 0. According to Eqs. (3), (6) , and (8), for the short-range interaction, the matrix element T fi remains finite as k → 0. Then, the probability [Eq. (1)] vanishes at least as √ 2E f at the ionization threshold. This result can be obtained in the KFR approximation [8] where the Coulomb interaction in the final state is neglected. However, in the case of Coulomb attraction, the matrix element T fi should be calculated with the final state [Eq. (11)]. Then, the squared absolute value |T fi | 2 diverges as 1/k for small k and cancels out the threshold factor √ 2E f in Eq. (1). The differential ionization probability remains finite at E f = 0 (in accordance with the Wigner threshold law [15] for Coulomb attraction); in the vicinity of the threshold, it is considerably larger than that predicted by the KFR theory. This Coulomb effect can contribute to the emergence of LES observed in the experiments in linearly polarized laser fields [6, 7] . The absence of this structure in circularly polarized fields [6] is also understandable. Multiphoton ionization by circularly polarized laser fields leads to final states with large values of the angular momentum. The centrifugal barrier prevents slow electrons from penetrating the core region; this results in suppression of ionization. Consider the partial wave expansion of the Bessel function in Eq. (11):
Then, the radial wave function corresponding to the angular momentum l appears as follows:
For √ Z c r < l, the Bessel function J 2l+1 2 √ 2Z c r can be approximated by the first term of the power series:
For large l, the right-hand side of Eq. (14) is small in the core region, and the corresponding transition amplitude T fi is also small.
III. LOW-ENERGY STRUCTURE IN ATI SPECTRA OF ATOMIC HYDROGEN
To explore LES in the ATI spectra, we have performed ab initio calculations for the hydrogen atom subject to linearly polarized midinfrared laser fields. The laser pulse has a 063406-2 sine-squared envelope, and the classical velocityḃ appears as follows:ḃ
In Eq. (15), ω is the carrier frequency, F is the peak electric field strength, and N denotes the number of optical cycles in the pulse. In the calculations, we used the laser pulse with 10 optical cycles, the peak field F corresponding to the intensity 1 × 10 14 W/cm 2 , and the carrier wavelengths 0.8, 1.2, 1.6, and 2 µm (with the Keldysh parameter γ values 1.07, 0.71, 0.53, and 0.43, respectively).
The wave functions are computed in the spherical volume with the radius 100 a.u.; we extend the time-dependent generalized pseudospectral (TDGPS) method [16] with 128 radial grid points and 32 angular grid points, allowing nonuniform and optimal grid discretization of the spatial coordinates and precision calculation of the time-dependent wave function. Further details of our numerical procedure can be found elsewhere [12] . Figure 1 shows the differential ionization probabilities [Eq. (1)] as polar surface plots. The radial distance on the plots represents the energy, and the angle points to the direction where the electron is ejected (with respect to the polarization of the laser field). The density (color) corresponds to the differential ionization probability; the density (color) scale is logarithmic. The plots have clear ring structure; the spacing between the rings decreases with the laser wavelength increasing. This behavior is well understood: the rings represent the ATI peaks, and their spacing is equal to the laser frequency (from 1.55 eV at 0.8 µm to 0.62 eV at 2 µm). Regarding the angular distributions, one can see that the electrons are mostly ejected in the field direction; however, noticeable side lobes are also present. Figure 2 shows the low-energy part of the electron energy spectra in the direction of the laser polarization. The differential ionization probabilities have been averaged with respect to the spatial intensity distribution in the laser focus. The resulting spectra have been also normalized to fall in the range 0-1. The solid (blue) lines represent the intensity-averaged quantity ∂ 2 P /(∂E f ∂ ) calculated according to Eq. (1), while the dashed (red) lines correspond to the intensity-averaged energy spectra obtained in the Keldysh approximation [8] . In this approximation, the transition matrix element T K fi can be expressed through a one dimensional (1D) time integral since the spatial integration can be performed analytically in the case of the hydrogen atom. For the ionization of the ground state (E i = −0.5 a.u.), T K fi reads as
Since the positions of individual ATI peaks in the energy spectrum depend linearly on the ponderomotive potential U p , the intensity average is expected to wash out the ATI peak structure of the spectrum in the case of low-frequency fields (for U p ω, the shift of the peaks when the intensity is varied in the laser focus is much larger than the spacing between the peaks). As one can see from Fig. 2 , this is the case for the wavelengths 2 µm and (to some extent) 1.6 µm, while at 1.2 µm and, particularly, at 0.8 µm, distinct ATI peaks are still present. In the latter case, the large separation between the ATI peaks (1.55 eV), comparable to the width of LES itself, prevents shaping a wider maximum which can be seen at larger wavelengths. It is instructive to compare the behavior of the exact and Keldysh electron energy spectra in the vicinity of the ionization threshold. At 0.8 µm [ Fig. 2(a) ], there is no qualitative difference except for the energies below 1 eV: in the energy range 1 to 5 eV, both spectra show similar ATI peaks. At larger wavelengths, however, the Keldysh spectra exhibit a clear signature of the √ 2E f threshold factor. The larger the wavelength, the longer the energy interval near the threshold where this factor dominates the spectrum. As a result, the Keldysh electron energy spectra are suppressed in the vicinity of the ionization threshold. In contrast, the exact spectra are not suppressed and have a prominent maximum in the vicinity of the threshold, in accordance with the experimental observations [6, 7] .
To investigate the role of the attractive Coulomb interaction in the final state in the emergence of this maximum, we have performed another calculation of the electron energy spectra in the polarization direction, with the transition matrix element T 0 fi computed according to Eq. (3), but using the unperturbed ground-state wave function ψ 1s (r) exp(−iE i t) under the integral instead of the exact one:
In this approximation, the final-state Coulomb interaction is still taken into account while possible excitations of intermediate bound states and rescattering effects are missing. The results are presented in Fig. 3 ; again, all the spectra are intensity averaged and normalized. As one can see, compared with the KFR theory, the current approximation gives fairly good results near the threshold (at the electron energies 0 to 2 eV, where the LES peak is expected [6] for the laser wavelengths and intensity used in our calculations). For the wavelengths 1.2 µm and longer, discrepancies with the exact energy spectra appear significant for the energies larger than 2 eV. We may conclude that the proper account of the Coulomb interaction in the final state is crucial for the correct description of the electron energy spectra in the very vicinity of the ionization threshold (0-2 eV). Other effects, such as rescattering of ejected electrons, may be important at larger energies. The large peaks seen at the wavelength 2 µm in the energy interval 4 to 10 eV are not directly related to LES. They may appear due to enhancement of the second maximum in the electron spectra also observed at the wavelengths 1.2 and 1.6 µm approximately at the same energy.
IV. CONCLUSION
In summary, we have performed a quantum mechanical analysis of the multiphoton ionization amplitude in the vicinity of the threshold. We have shown that the exact amplitude, in contrast with the KFR approximation, does not vanish at the threshold provided the interaction of the ejected electron with the residual is represented by the attractive Coulomb potential. In the attractive Coulomb field, the density of slow electrons is condensed in the core region favoring the ionization process. We have performed numerical calculations on the hydrogen atom subject to intense midinfrared laser fields with the wavelengths 0.8 to 2 µm. In accordance with the theoretical predictions, the numerical data show a maximum close to the threshold in the energy spectra of the electrons emitted in the polarization direction of the laser field, similar to the low-energy structure revealed by recent experiments on noble gas atoms and diatomic molecules. While the Coulomb threshold effect alone may not explain the whole picture of the low-energy ATI electron spectra, it plays an important role in shaping such spectra, including the emergence of LES.
